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Introduction.
A generalised complex structure on a real manifold X of dimension 2n, as defined by Hitchin [10] , is a rank-2n isotropic subbundle E 0,1 ⊂ (T X ⊕ T * X ) C such that
is closed under the Courant bracket.
On a manifold with a generalized complex structure M. Gualtieri in [7] defined the notion of a generalized holomorphic bundle. More precisely, a generalized holomorphic bundle on a generalized complex manifold, is a vector bundle E with a differential operator D : C ∞ (E) −→ C ∞ (E ⊗ E 0,1 ) such that for all smooth function f and all section s ∈ C ∞ (E) the following holds
In the case of an ordinary complex structure and D = ∂ + φ, for operators
the vanishing D 2 = 0 means that ∂ 2 = 0 , ∂φ = 0 and φ ∧ φ = 0. By a classical result of Malgrange the condition ∂ 2 = 0 implies that E is a holomorphic vector bundle. On the other hand, ∂φ = 0 implies that φ is a holomorphic global section
which satisfies an integrability condition φ ∧ φ = 0. A co-Higgs sheaf on a complex manifold X is a sheaf E together with a section φ ∈ H 0 (X, End(E) ⊗ T X )(called Higgs fields) for which φ ∧ φ = 0. This is an adaptation of Simpson's Higgs bundles [23] [24] , but with the tangent bundle replacing the cotangent bundle.
General properties of co-Higgs bundles were studied by Hitchin in [9] , where was investigated the new feature that generalized geometry brings to bear on the B-field symmetry. Furthermore, co-Higgs bundles are connected to Poisson geometry. This observation is due to a comment of Polishchuk in [22] connecting co-Higgs structures on rank-2 bundles to Poisson structures on their P 1 -bundles. Also, there is a motivation in physics for studying co-Higgs bundles. An important feature of supersymmetric string theory is the way in which mirror symmetry exchanges complex branes for symplectic ones. Gualtieri's notion of generalised complex submanifold is a natural candidate for describing these branes. See [8] , [12] and [25] .
There are no stable co-Higgs bundles with nonzero Higgs field on curves C of genus g > 1. (When g = 1, a co-Higgs bundle is the same thing as a Higgs bundle in the usual sense.) In fact, for contracting with a holomorphic differential gives a non-trivial endomorphism of E commuting with φ which is impossible in the stable case [9] . S. Rayan showed in [19] the non-existence of stable co-Higgs bundles with non trivial Higgs field on K3 and general-type surfaces. In this note we prove the following result. It follows direct of proof of Theorem 1.1 that the we can consider a more general classes of singular projective surfaces .
Theorem 1.2. Let (E, φ) be a rank two co-Higgs torsion-free sheaf on a normal projective surface
2. Semi-stable co-Higgs sheaves Definition 2.1. A co-Higgs sheaf on a complex manifold X is a sheaf E together with a section φ ∈ H 0 (X, End(E) ⊗ T X )(called Higgs fields) for which φ ∧ φ = 0.
Denote by End 0 (E) := ker(tr : End(E) −→ O X ) the trace-free part of the endomorphism bundle of E. Since
where φ 1 is the trace-free part and φ 2 is a global vector field on X. In particular, if the surface X has no global holomorphic vector fields, then every Higgs fields are trace-free. 
We denote by K F the line bundle defined by the cocycle {f αβ } ∈ H 1 (X, O * ). Thus, a one-dimensional holomorphic foliation F on X induces a global holomorphic
4. Examples
4.1.
Canonical example of split co-Higgs bundles. Let (X, ω) be a polarized Kähler compact manifold. Suppose that there exist a global section
Define the following co-Higgs fields
we get that φ ∧ φ = 0. Moreover, observe that the kernel of φ is the φ-invariant line bundle L. On the other hand, the line bundle L is destabilising only when
4.2. Co-Higgs bundles on ruled surfaces. Let C be a curve of genus g > 1. Now, consider the ruled surface X := P(K C ⊕ O C ) and
the natural projection. Consider a Poisson structure on X given by a bivector σ ∈ H 0 (X, ∧ 2 T X ). Let (E, φ) be a nilpotent Higgs bundle on C. S. Rayan observe in [20] that (π * E, σ(π * φ)) is a stable co-Higgs bundle on X. In fact, by
we conclude that co-Higgs field σ(π * φ) is integrable, since
It follows from Hitchin's correspondence [11] that stability of the Higgs bundle (E, φ) implies that there exist an irreducible SL(2, C)-representation of π(C). Now, by using that π(C) ≃ π(X) we can apply the Corlette [4] and Simpson's works [23] [24] to conclude that (π * E, σ(π * φ)) is stable, see [20] .
4.3.
Co-Higgs orbibundles on weighted projective spaces. Let w 0 , w 1 , w 2 be positive integers two by two co-primes, set |w| := w 0 + w 1 + w 2 . Define an action of C * in C 3 \ {0} by
and consider the weighted projective plane
induced by the action above. We will denote this space by P(ω). On P(ω) we have an Euler sequence
where O P(ω) is the trivial line orbibundle and T P(ω) = Hom(Ω
) is the tangent orbibundle of P(ω). The map ς is given explicitly by ς(1) = (ω 0 z 0 , ω 1 z 1 , ω 2 z 2 ). Now, let (E, φ) be a co-Higgs orbibundle on P(ω). Tensoring the Euler sequence by End(E), we obtain
Thus, the co-Higgs fields φ can be represented by
where φ i ∈ H 0 (P(ω), End(E)(w i )), for all i = 0, 1, 2, and φ + θ ⊗ R ω define the same co-higgs field as φ, where R ω is the adapted radial vector field
with θ a endomorphism of E. Suppose that
and that there exists a stable φ for E such that m 1 ≥ m 2 . Then
In fact, this is a consequence of Bott's Formulae for weighted projective spaces. It follows from (see [6] ) that 4.4. Co-Higgs bundles on two dimensional complex tori. Let X be a two dimensional complex torus and a co-Higgs bundle φ ∈ H 0 (X, End(E) ⊗ T X ). Then φ is equivalente to a pair of commutative endomorphism of E. In fact, since the tangent bundle T X is holomorphically trivial, we can take a trivialization by choosing two linearly independent global vector fields v 1 , v 2 ∈ H 0 (X, T X ). Then, we can write
The condition φ ∧ φ = 0 implies that
We have a canonical nilpotent co-Higgs bundle (E, φ), where E = T X = O ⊕ O and
where v is a global vector field on X.
Proof of Theorem
Since the Higgs fields φ ∈ H 0 (X, End(E) ⊗ T X ) is nilpotent then Ker(φ) =: L is a well defined line bundle . Thus , we have a exact sequence
where the nilpotent Higgs field φ factors as
(5.1)
Let K := L 2 ⊗ det(E * ) the canonical bundle of the foliation associated to the Higgs fields φ. If E is semi-stable then
for some Kähler class ω . If K · [ω] < 0, it follows from [14] that K is not pseudoefective [5] . It follows from Brunella's theorem [1] that X is uniruled. Now, suppose X is a normal projective surface and that K · H = 0, for some H ample By Hodge index theorem we have that
We have that D = H + ǫK is a Q-divisor ample for 0 < ǫ << 1, see [15, proposition 1.3.6] . Thus, we have that
By Bogomolov-McQuillan's theorem [3] we conclude that X is uniruled. If K 2 = 0, then K is numerically trivial. This fact is well known, but for convenience of the reader we give a proof. Suppose that there exist C ⊂ X such that K · C > 0. Now, Consider the divisor B = (H 2 )C − (H · C)H. Then B · H = 0 and K · B = (H 2 )K · C < 0. Define F = mK + B for 0 < m << 1. Therefore F · H = 0 and F 2 > 0. This is a contradiction by the Hodge index Theorem. In this case E is strictly semi-stable. Now, we apply the classification, up to finiteétale cover, of holomorphic foliations on projective surfaces with canonical bundle numerically trivial [21] , [17] , [2] . Therefore, up to finiteétale cover, is either: i) X is uniruled; ii) X is a torus; iii) k(X) = 1 and X = B × C with g(B) ≥ 2, C is elliptic. That is, X is a sesquielliptic surface. If X is Kähler and non-algebraic it follows from [2] that, up to finiteétale cover, is either X has a unique elliptic fibration or X is a torus.
